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This manuscript is a revision of our previous work that develops the three layer model for the
surface second-harmonic generation yield; here, we add the necessary algebra to derive expressions
that include elliptically polarized incoming fields. This allows yet another degree of flexibility to the
previous work, as elliptical polarization is the most general polarization case possible. The three
layer model considers that the SH conversion takes place in a thin layer just below the surface of
a material. This layer lies under the vacuum region, and above any bulk material that is not SHG
active. The inherent flexibility of this model makes it an excellent choice for thin films and 2D
materials.
I. INTRODUCTION TO THE THREE LAYER
MODEL
This manuscript is a revision of our previous work fea-
tured in Refs. [1] and [2]; here, we will derive the for-
mulas required for the calculation of the surface second-
harmonic generation (SSHG) yield including elliptically
polarized incoming fields. This adds even more flexibility
to our framework, as we can now arbitrarily consider any
incoming polarization. The SSHG yield is defined as
R(ω) = I(2ω)
I2(ω) , (1)
with the intensity (in MKS units [3, 4]) given by
I(ω) = 20c n(ω)|E(ω)|2, (2)
where n(ω) =
√
(ω) is the index of refraction ((ω) is
the dielectric function), 0 is the vacuum permittivity,
and c the speed of light in vacuum.
Our method for calculating R(ω) is based on the work
of Mizrahi and Sipe [5], since the derivation of the three
layer model is straightforward; see Fig. 1 for a detailed
illustration of this model. In this scheme, a given surface
is represented by three regions or layers. The first layer
is the vacuum region (denoted by v) with a dielectric
function v(ω) = 1 from where the fundamental electric
field Ev(ω) impinges on the material. The second layer
is a “thin” layer (denoted by `) of thickness d = d1 + d2
characterized by a dielectric function `(ω). It is in this
layer where the SH polarization sheet P`(2ω) is located
at z` = d1. The third layer is the bulk region denoted
by b and characterized by b(ω). This bulk region can be
made up of any SHG inactive material (such as a sub-
strate), which is why this model readily lends itself to
study thin films or 2D materials, as well as conventional
semiconductor surfaces. Both the vacuum and bulk lay-
ers are semi-infinite.
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The arrows in Fig. 1 point along the direction of prop-
agation, and the p-polarization unit vector, Pˆ`−(+), along
the downward (upward) direction is denoted with a thick
arrow. The s-polarization unit vector sˆ, points out of
the page. The fundamental field Ev(ω) is incident from
the vacuum side along the κˆz-plane, with θ0 its angle
of incidence and νv− its wave vector. ∆ϕi denotes the
phase difference between the multiple reflected beams
and the first layer-vacuum transmitted beam, denoted
by the dashed-red arrow (of length L2) followed by the
solid black arrow (of length L1). The dotted lines in the
vacuum region are perpendicular to the beam extended
from the solid black arrow (denoted by solid blue arrows
of length L6).
To begin our derivation of our model, we follow Ref.
[5] and assume a polarization sheet located at zβ , of the
form
P(r, t) = Peiκ·Re−iωtδ(z − zβ) + c.c., (3)
where R = (x, y), κ is the component of the wave vec-
tor νβ parallel to the surface, and zβ is the position
of the sheet within medium β, and P is the position-
independent polarization. Ref. [6] demonstrates that the
solution of the Maxwell equations for the radiated fields
Eβ,p±, and Eβ,s with P(r, t) as a source at points z 6= 0,
θ0νv−
z
sˆ κˆ
L1
L6
L6
∆ϕ0
∆ϕ1
∆ϕ2
Pˆ`− Pˆ`+P(2ω)
L2
L3
L4 L5 L5 L5 L5
d1
d2
v = 1
Vacuum
z = 0
Surface
Layer
`
z = −d
Bulk b
FIG. 1. Sketch of the three layer model for SHG.
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2can be written as
(Eβ,p±, Eβ,s) = (
γiω˜2
20w˜β
pˆβ± ·P , γiω˜
2
20w˜β
sˆ ·P), (4)
where ω˜ = ω/c; sˆ and pˆβ± are the unit vectors for the
s and p polarizations of the radiated field, respectively.
The ± refers to upward (+) or downward (−) direction
of propagation within medium β, as described in Fig. 1.
Also, w˜β(ω) = ω˜wβ , where
pˆβ±(ω) =
κ(ω)zˆ∓ w˜β (ω)κˆ
ω˜nβ (ω)
=
sin θ0zˆ∓ wβ (ω)κˆ
nβ (ω)
, (5)
with
wβ(ω) =
(
β(ω)− sin2 θ0
)1/2
, (6)
θ0 is the angle of incidence of Ev(ω), κ(ω) = |κ| =
ω˜ sin θ0, nβ (ω) =
√
β (ω) is the index of refraction of
medium β, and z is the direction perpendicular to the
surface that points towards the vacuum. If we consider
the plane of incidence along the κz plane, then
κˆ = cosφxˆ+ sinφyˆ, (7)
and
sˆ = − sinφxˆ+ cosφyˆ, (8)
where φ is the azimuthal angle with respect to the x axis.
The nonlinear polarization responsible for the SHG is
immersed in the thin layer (β = `), and is given by
Pa` (2ω) = 0χabcsurface(−2ω;ω, ω)Eb(ω)Ec(ω), (9)
where χsurface(−2ω;ω, ω) is the dipolar surface nonlinear
susceptibility tensor; the calculation of this quantity is
given in detail in Refs. [2] and [7]. We will omit the
(−2ω;ω, ω) notation from this point on. The Cartesian
indices a,b, c are summed over if repeated; χabc = χacb is
the intrinsic permutation symmetry due to the fact that
SHG is degenerate in Eb(ω) and Ec(ω). As in Ref. [5], we
consider the polarization sheet (Eq. (3)) to be oscillating
at some frequency ω in order to properly express Eqs.
(4)–(8). However, in the following we find it convenient
to use ω exclusively to denote the fundamental frequency
and κ to denote the component of the incident wave vec-
tor parallel to the surface. The generated nonlinear po-
larization is oscillating at Ω = 2ω and will be character-
ized by a wave vector parallel to the surface K = 2κ. We
can carry over Eqs. (3)–(8) simply by replacing the low-
ercase symbols (ω, ω˜,κ, nβ , w˜β , wβ , pˆβ±, sˆ) with upper-
case symbols (Ω, Ω˜,K, Nβ , W˜β ,Wβ , Pˆβ±, Sˆ), all evalu-
ated at 2ω. Of course, we always have that Sˆ = sˆ.
From Fig. 1, we observe the propagation of the SH
field as it is refracted at the layer-vacuum interface (`v),
and reflected multiple times from the layer-bulk (`b) and
layer-vacuum (`v) interfaces. Thus, we can define
T`v = sˆT `vs sˆ+ Pˆv+T `vp Pˆ`+, (10)
as the transmission tensor for the `v interface,
R`b = sˆR`bs sˆ+ Pˆ`+R`bp Pˆ`−, (11)
as the reflection tensor for the `b interface, and
R`v = sˆR`vs sˆ+ Pˆ`−R`vp Pˆ`+, (12)
as the reflection tensor for the `v interface. The Fresnel
factors in uppercase letters, T ijs,p and Rijs,p, are evaluated
at 2ω from the following well known formulas [8],
tijs (ω) =
2wi(ω)
wi(ω) + wj(ω)
,
tijp (ω) =
2wi(ω)
√
i(ω)j(ω)
wi(ω)j(ω) + wj(ω)i(ω)
,
rijs (ω) =
wi(ω)− wj(ω)
wi(ω) + wj(ω)
,
rijp (ω) =
wi(ω)j(ω)− wji(ω)
wi(ω)j(ω) + wj(ω)i(ω)
.
With these expressions we easily derive the following use-
ful relations,
1 + r`bs = t`bs ,
1 + r`bp =
nb
n`
t`bp ,
1− r`bp =
n`
nb
wb
w`
t`bp ,
t`vp =
w`
wv
tv`p ,
t`vs =
w`
wv
tv`s .
(13)
II. MULTIPLE REFLECTIONS
A. Multiple SHG Reflections
The SH field E(2ω) radiated by the SH polarization
P`(2ω) will radiate directly into the vacuum and the
bulk, where it will be reflected back at the layer-bulk
interface into the thin layer. This beam will be transmit-
ted and reflected multiple times, as shown in Fig. 1. As
the two beams propagate, a phase difference will develop
between them according to
∆ϕm = Ω˜
(
(L3 + L4 + 2mL5)N`
− (L2N` + (L1 +mL6)Nv))
= δ0 +mδ, m = 0, 1, 2, . . . ,
where
δ0 = 8pi
(
d2
λ0
)
W`, (14)
3and
δ = 8pi
(
d
λ0
)
W`, (15)
where λ0 is the wavelength of the fundamental field in the
vacuum, W` is described in Eq. (6), d is the thickness of
layer `, and d2 is the distance between P`(2ω) and the
`b interface (see Fig. 1). We see that δ0 is the phase
difference of the first and second transmitted beams, and
mδ that of the first and third (m = 1), first and fourth
(m = 2), and so on. Note that the thickness d of the layer
` enters through the phase δ, and the position d2 of the
nonlinear polarizationP(r, t) (Eq. (3)) enters through δ0.
In particular, d2 could be used as a variable to study the
effects of multiple reflections on the SSHG yield R(2ω).
To take into account the multiple reflections of the
generated SH field in the layer `, we proceed as follows.
We only include the algebra for the p-polarized SH field,
though the s-polarized field could be worked out along
the same steps. The p-polarized E`,p(2ω) field reflected
multiple times is given by
E`,p(2ω) = E`,p+(2ω)T`v · Pˆ`+ + E`,p−(2ω)T`v ·R`b · Pˆ`−ei∆ϕ0
+ E`,p−(2ω)T`v ·R`b ·R`v ·R`b · Pˆ`−ei∆ϕ1
+ E`,p−(2ω)T`v ·R`b ·R`v ·R`b ·R`v ·R`b · Pˆ`−ei∆ϕ2 + · · ·
= E`,p+(2ω)T`v · Pˆ`+ + E`,p−(2ω)T`v ·
∞∑
m=0
(
R`b ·R`veiδ
)m
·R`b · Pˆ`−eiδ0 .
From Eqs. (10)–(12) it is easy to show that
T`v ·
(
R`b ·R`v
)n
·R`b = sˆT `vs
(
R`bs R
`v
s
)n
R`bs sˆ
+ Pˆv+T `vp
(
R`bp R
`v
p
)n
R`bp Pˆ`−,
then,
E`,p(2ω) = Pˆ`+T `vp
(
E`,p+(2ω)
+
R`bp e
iδ0
1 +Rv`p R`bp eiδ
E`,p−(2ω)
)
,
where we used Rijs,p = −Rjis,p. Using Eq. (4) and (13),
we can readily write
E`,p(2ω) =
γiΩ˜
W`
H` ·P`(2ω), (16)
where
H` =
W`
Wv
[
sˆT v`s
(
1 +RMs
)
sˆ
+ Pˆv+T v`p
(
Pˆ`+ +RMp Pˆ`−
)]
,
(17)
and
RMi ≡
R`bi e
iδ0
1 +Rv`i R`bi eiδ
, i = s, p, (18)
is defined as the multiple (M) reflection coefficient. This
coefficient depends on the thickness d of layer `, and most
importantly on the position d2 of P`(2ω) within this
layer. The final results will depend on both d and d2.
However, using Eq. (14) we can also define an average
R¯Mi as
R¯Mi ≡
1
d
∫ d
0
R`bi e
i(8piW`/λ0)x
1 +Rv`i R`bi eiδ
dx
= R
`b
i e
iδ/2
1 +Rv`i R`bi eiδ
sinc(δ/2),
that only depends on d through the δ term from Eq. (15).
It is very convenient to go ahead and define
RM±i ≡ 1±RMi , i = s, p. (19)
To connect with the work in Ref. [5], where P(2ω)
is located on top of the vacuum-surface interface and
only the vacuum radiated beam and the first (and only)
reflected beam need be considered, we take ` = v and
d2 = 0, then T `v = 1, Rv` = 0 and δ0 = 0, with which
RMi = Rvbi . Thus, Eq. (17) coincides with Eq. (3.8) of
Ref. [5].
B. Multiple Reflections for the Linear Field
We must also consider the multiple reflections of the
fundamental field E`(ω) inside the thin layer `. In Fig.
2 we present the situation where Ev(ω) impinges from
the vacuum side along the κˆz-plane. θ0 and νv− are the
angle of incidence and wave vector, respectively. The
arrows point along the direction of propagation. The p-
polarization unit vectors pˆβ±, point along the downward
4(−) or upward (+) directions and are denoted with thick
arrows, where β = v or `. The s-polarization unit vector
sˆ points out of the page.
As the first transmitted beam is reflected multiple
times from the `b and the `v interfaces, it accumulates a
phase difference of nϕ (with n = 1, 2, 3, . . .) with respect
to the incident field. ϕ is given by
ϕ = ω
c
(2L1n` − L2nv) = 4pi
(
d
λ0
)
w`, (20)
where nv = 1. We need Eqs. (11) and (12) for 1ω, and
also need
tv` = sˆtv`s sˆ+ pˆ`−tv`p pˆv−,
to write
E`(ω) = E0
[
tv` + r`b · tv`eiϕ + r`b · r`v · r`b · tv`ei2ϕ + r`b · r`v · r`b · r`v · r`b · tv`ei3ϕ + · · ·
]
· eˆi
= E0
[
1 +
(
1 + r`b · r`veiϕ + (r`b · r`v)2ei2ϕ + · · ·
)
· r`beiϕ
]
· tv` · eˆi
= E0
[
sˆtv`s (1 + rMs )sˆ+ tv`p
(
pˆ`− + pˆ`+rMp
)
pˆv−
]
· eˆi,
where E0 is the intensity of the fundamental field, and eˆi is the unit vector of the incoming polarization (i = s, p),
with eˆs = sˆ and eˆp = pˆv−. Also,
rMi ≡
r`bi e
iϕ
1 + rv`i r`bi eiϕ
, i = s, p. (21)
rMi is defined as the multiple (M) reflection coefficient for the fundamental field. We define Ei`(ω) ≡ E0eω,i` (i = s, p),
where
eω,i` =
[
sˆtv`s (1 + rMs )sˆ+ tv`p
(
pˆ`− + pˆ`+rMp
)
pˆv−
]
· eˆi,
and using Eqs. (5), (7), and (8) we obtain that
eω,i` =
[
tv`s r
M+
s (− sinφxˆ+ cosφyˆ) sˆ+
tv`p
n`
(
rM+p sin θ0zˆ+ rM−p w` cosφxˆ+ rM−p w` sinφyˆ
)
pˆv−
]
· eˆi, (22)
where
rM±i = 1± rMi , i = s, p.
III. GENERAL POLARIZATION
CONSIDERATIONS
A. 2ω Terms for P and S Linear Polarization
The outgoing SHG radiation will almost always be
measured in some configuration of P and S polarization.
Using Eq. (13), we can write Eq. (16) as
E`(2ω) =
2γiω
cW`
eˆF ·H` ·P`(2ω)
= 2γiω
cWv
e 2ω,F` ·P`(2ω),
(23)
where
e2ω,F` = eˆ
F ·
[
sˆT v`s RM+s sˆ
+ Pˆv+
T v`p
N`
(
sin θ0RM+p zˆ−W`RM−p κˆ
) ]
,
(24)
remembering that RM±p was previously defined in Eq.
(19). By substituting Eqs. (7) and (8) into Eq. (24), we
obtain
e2ω,P` =
T v`p
N`
(−W`RM−p cosφxˆ
−W`RM−p sinφyˆ sin θ0RM+p zˆ
)
,
(25)
for P (eˆF = Pˆv+) outgoing polarization, and
e2ω,S` = T
v`
s R
M+
s (− sinφxˆ+ cosφyˆ) . (26)
for S (eˆF = sˆ) outgoing polarization.
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FIG. 2. Sketch of the multiple reflected fundamental fields in
the three layer model.
B. 1ω Terms for for Elliptical Polarization
Up until this juncture, we have not assumed any given
polarization for the incoming fields, other than that they
must be in some combination of p or s polarization. But
let us consider the most general polarization case, ellip-
tical polarization, by establishing that [9]
eˆi = sinα sˆ+ eiτ cosα pˆv−. (27)
Plugging this into Eq. (22) yields
eω` =
[
sinα tv`s rM+s (− sinφxˆ+ cosφyˆ) + eiτ cosα
tv`p
n`
(
rM+p sin θ0zˆ+ rM−p w` cosφxˆ+ rM−p w` sinφyˆ
) ]
. (28)
Thinking ahead, it will be very hand to have the expression for eω` eω` . Multiplying these terms out leads to the
following expression,
eω` eω` = sin2 α
(
tv`s r
M+
s
)2 ( sin2 φxˆxˆ+ cos2 φyˆyˆ− 2 sinφ cosφxˆyˆ)
+ e2iτ cos2 α
(
tv`p
n`
)2((
rM−p
)2
w2` cos2 φxˆxˆ+
(
rM−p
)2
w2` sin2 φyˆyˆ+
(
rM+p
)2 sin2 θ0zˆzˆ
+ 2rM+p rM−p w` sin θ0 sinφyˆzˆ+ 2rM+p rM−p w` sin θ0 cosφxˆzˆ+ 2
(
rM−p
)2
w2` sinφ cosφxˆyˆ
)
+ 2eiτ sinα cosα
tv`p t
v`
s r
M+
s
n`
(
− rM−p w` sinφ cosφxˆxˆ+ rM−p w` sinφ cosφyˆyˆ
+ rM+p sin θ0 cosφyˆzˆ− rM+p sin θ0 sinφxˆzˆ+ rM−p w` cos 2φxˆyˆ
)
.
(29)
Given that the terms for 1ω are now presented for the
most general polarization case, we can easily recover the
expressions for p and s linear polarization by plugging in
the appropriate values for α and τ (featured in Table I)
into Eq. (29).
IV. THE SSHG YIELD
The magnitude of the radiated field is given by
E(2ω) = eˆF · E`(2ω), where eˆF is the unit vector of the
final SH polarization with F = S, P , where eˆS = sˆ and
eˆP = Pˆv+. Replacing E`(ω) → E0eω` , in Eq. (9), we
obtain that
P`(2ω) = 0E20 χsurface : eω` eω` ,
where eω` is given by Eq. (28), and thus Eq. (23) reduces
to (Wv = cos θ0)
E`(2ω) =
iω
c cos θ0
e2ω,F` · χsurface : eω` eω` ,
in MKS units. For ease of notation, we define
ΥF(α, τ) ≡ e2ω,F` · χsurface : eω` eω` , (30)
where F stands for the outgoing polarization of the SH
electric field given by eˆF in Eq. (24), and the eω` eω`
term defines the incoming polarization of the fundamen-
tal electric field as established in Eq. (29).
6TABLE I. Values for α and τ (see Eq. (27)) that yield com-
mon polarization cases.
Type α τ
Linear p (pˆv−) 0 0
Linear s (sˆ) pi/2 0
Linear p + s pi/4 0
Circular Left pi/4 −pi/2
Circular Right pi/4 +pi/2
Elliptical Any Any
From Eqs. (1) and (2) we obtain that,
|E(2ω)|2 = |E0|4 ω
2
c2W 2v
20c|
√
NvE(2ω)|2(
20c|√n`E0|2
)2 = 1420c2 20ω
2
c cos2 θ0
∣∣∣∣√Nvn2` ΥF(α, τ)
∣∣∣∣2
I(2ω)
I2(ω) =
ω2
20c3 cos2 θ0
∣∣∣∣√Nvn2` ΥF(α, τ)
∣∣∣∣2
RF(α, τ) = ω
2
20c3 cos2 θ0
∣∣∣∣ 1n`ΥF(α, τ)
∣∣∣∣2 .
Finally, we condense these results and establish the
SSHG yield as
RF(α, τ) = ω
2
20c3 cos2 θ0
∣∣∣∣ 1n`ΥF(α, τ)
∣∣∣∣2 , (31)
where Nv = 1 and Wv = cos θ0. χsurface is given in m2/V
in the MKS unit system, since it is a surface second order
nonlinear susceptibility, and R is given in m2/W.
We now have everything we need to derive the explicit
expressions for R, by using Eqs. (31) and (30), for any
polarization combination of incoming and outgoing fields.
The crux of the matter now becomes how to calculate
Eq. (30); fortunately, this term can be expressed in a
highly elegant and flexible manner that greatly simplifies
the required algebra. Remember, the four most common
combinations of linear polarizations (p-in/P -out, p-in/S-
out, s-in/P -out, and s-in/S-out) can be easily recovered
from this treatment by using the values for α and τ listed
in Table I.
As mentioned before, it will be very convenient to
switch all expressions over to their respective matrix rep-
resentations. We will start by representing χ in this man-
ner. Disregarding all symmetry relations, we have
χ =

χxxx χxyy χxzz | χxyz χxxz χxxy
χyxx χyyy χyzz | χyyz χyxz χyxy
χzxx χzyy χzzz | χzyz χzxz χzxy
 , (32)
where all 18 independent components are accounted for,
recalling that χabc = χacb for SHG. Notice that the left
hand block contains the components of χabc where b = c,
and the right hand block those where b 6= c. If, for exam-
ple, you have a sample that is rotated with respect to the
original crystal axes, the rotated χabc components will be
a combination of different components from the original
system. In Appendix A, we derive the expressions for the
rotated components; they can be substituted directly into
the equations that follow in this section.
Concerning the 1ω terms, we can readily express Eq.
(29) as a combination of vectors,
eω` eω` = c rω(α, τ),
where
c =
(
xˆxˆ yˆyˆ zˆzˆ yˆzˆ xˆzˆ xˆyˆ
)
,
and
rω(α, τ) = sin2 α
(
tv`s r
M+
s
)2

sin2 φ
cos2 φ
0
0
0
−2 sinφ cosφ

+ e2iτ cos2 α
(
tv`p
n`
)2

(
rM−p
)2
w2` cos2 φ(
rM−p
)2
w2` sin2 φ(
rM+p
)2 sin2 θ0
2rM+p rM−p w` sin θ0 sinφ
2rM+p rM−p w` sin θ0 cosφ
2
(
rM−p
)2
w2` sinφ cosφ

+ 2eiτ sinα cosα
tv`p t
v`
s r
M+
s
n`

−rM−p w` sinφ cosφ
rM−p w` sinφ cosφ
0
rM+p sin θ0 cosφ
−rM+p sin θ0 sinφ
rM−p w` cos 2φ

.
(33)
Likewise, we can obtain the 2ω terms from Eqs. (25)
and (26), as
e2ω,F` = CR
2ω,F,
where
C =
(
xˆ yˆ zˆ
)
,
7and
R2ω,F =

T v`p N
−1
`

−RM−p W` cosφ
−RM−p W` sinφ
+RM+p sin θ0
 , for F = P ,
T v`s R
M+
s
− sinφcosφ
0
 , for F = S.
(34)
Finally, we can express ΥF(α, τ) (Eq. (30)) in complete
matrix form as follows,
ΥF(α, τ) = R2ω,F ◦ χ · rω(α, τ),
where we use Eqs. (32), (33), and (34), and the “◦” sym-
bol is the Hadamard (piecewise) matrix product. Thus,
we select the polarization of the incoming fields via α
and τ in Eq. (33), and the output polarization can be
either P or S in Eq. (34). The surface symmetries will be
taken into account via χ in Eq. (32), or we can neglect
them entirely by calculating every χabc component. The
avid reader will want to consult Refs. [1] and [2] for the
complete derivations of the expressions for different com-
binations of linear polarization, for three common surface
symmetries.
V. CONCLUSIONS
In this manuscript, we have developed complete ma-
trix expressions for the SSHG radiation using the three
layer model to describe the radiating system. This new
treatment now considers the most general polarization
case for the incoming fields, elliptical polarization. It
also includes all required components of χabc, regardless
of symmetry considerations. Thus, these expressions can
be applied to any surface, regardless of symmetry and for
any choice of incoming polarization. This inherent flexi-
bility of the model makes it an excellent choice for thin
films and 2D materials. Details about the software im-
plementation of the theory developed here can be found
in Ref. [10].
Appendix A: Considering an arbitrary rotation on
χ(−2ω;ω, ω)
To take the components of χ(−2ω;ω, ω) from the crys-
tallographic frame to the lab frame, we can simply apply
a standard rotational matrix,
R =
RXx RXy RXzRY x RY y RY z
RZx RZy RZz
 =
sin γ − cos γ 0cos γ sin γ 0
0 0 1
 ,
x
y
z = Z
φ
X
Y
γ
FIG. 3. The translation from the non-rotated xyz coordinates
to the rotated XY Z system.
such that
χIJK =
∑
ijk
RIiRJjRKkχ
ijk,
where I, J , and K (i, j, k) cycle through X, Y , or Z
(x, y, z). Fig. 3 depicts this rotation over any arbitrary
angle γ. Since we only consider a rotation in the xy-plane
along γ, the z and Z axes are the same.
Therefore, our χIJK components in terms of the orig-
inal ijk coordinate system are
χXXX = sin3 γχxxx
+ sin γ cos2 γχxyy
− 2 sin2 γ cos γχxxy
− sin2 γ cos γχyxx
− cos3 γχyyy
+ 2 sin γ cos2 γχyxy,
χXY Y = sin γ cos2 γχxxx
+ sin3 γχxyy
+ 2 sin2 γ cos γχxxy
− cos3 γχyxx
− sin2 γ cos γχyyy
− 2 sin γ cos2 γχyxy,
χXZZ = sin γχxzz − cos γχyzz,
χXY Z = χXZY = sin2 γχxyz
+ sin γ cos γχxxz
− sin γ cos γχyyz
− cos2 γχyxz,
8χXXZ = χXZX = − sin γ cos γχxyz
+ sin2 γχxxz
+ cos2 γχyyz
− sin γ cos γχyxz,
χXXY = χXYX = sin2 γ cos γχxxx
− sin2 γ cos γχxyy
+ (sin3 γ − sin γ cos2 γ)χxxy
− sin γ cos2 γχyxx
+ sin γ cos2 γχyyy
+ (cos3 γ − sin2 γ cos γ)χyxy,
for the χXJK components,
χY XX = sin2 γ cos γχxxx
+ cos3 γχxyy
− 2 sin γ cos2 γχxxy
+ sin3 γχyxx
+ sin γ cos2 γχyyy
− 2 sin2 γ cos γχyxy,
χY Y Y = cos3 γχxxx
+ sin2 γ cos γχxyy
+ 2 sin γ cos2 γχxxy
+ sin γ cos2 γχyxx
+ sin3 γχyyy
+ 2 sin2 γ cos γχyxy,
χY ZZ = cos γχxzz + sin γχyzz,
χY Y Z = χY ZY = sin γ cos γχxyz
+ cos2 γχxxz
+ sin2 γχyyz
+ sin γ cos γχyxz,
χY XZ = χY ZX = − cos2 γχxyz
+ sin γ cos γχxxz
− sin γ cos γχyyz
+ sin2 γχyxz,
χY XY = χY Y X = sin γ cos2 γχxxx
− sin γ cos2 γχxyy
− (cos3 γ − sin2 γ cos γ)χxxy
+ sin2 γ cos γχyxx
− sin2 γ cos γχyyy
+ (sin3 γ − sin γ cos2 γ)χyxy,
for the χY JK components, and lastly
χZXX = sin2 γχzxx
+ cos2 γχzyy
− 2 sin γ cos γχzxy,
χZY Y = cos2 γχzxx
+ sin2 γχzyy
+ 2 sin γ cos γχzxy,
χZZZ = χzzz,
χZY Z = χZZY = sin γχzyz + cos γχzxz,
χZXZ = χZZX = − cos γχzyz + sin γχzxz,
χZXY = χZYX = sin γ cos γχzxx
− sin γ cos γχzyy
− cos 2γχzxy,
for the χZJK components. Fortunately, the intrinsic per-
mutation symmetry of SHG is also present in the new
coordinate system, such that χIJK = χIKJ ; therefore,
there are only 18 unique components in either system.
Setting γ = pi/2 signifies that there is no rotation, and
thus χIJK = χijk.
It should also be clear that the crystal symmetries do
not follow into the rotated system. For instance, the C3v
symmetry satisfies the following,
χxxx = −χxyy = −χyxy,
χyxx = χyyy = 0.
In the rotated system, the top relationship holds true
such that χXXX = −χXY Y = −χY XY . However, we
also obtain that
χY Y Y = cos 3γχxxx,
which is not necessarily zero. Fortunately, we can simply
apply the crystal symmetry to the non-rotated system
before transforming to the rotated system. As an exam-
ple case, we present χXXX for three values of γ for a
system with C3v symmetry in Fig. 4. The component in
the original coordinates is recoverd when γ = pi/2.
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FIG. 4. χXXX for three values of γ calculated for a system with C3v symmetry.
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